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BOUNDARY BEHAVIOR OF THE FAST DIFFUSION EQUATION

Y. C. KWONG

ABSTRACT. The fast diffusion equation Av™ = v,, 0 <m <1, isadegenerate
nonlinear parabolic equation of which the existence of a unique continuous
weak solution has been established. In this paper we are going to obtain a
Lipschitz growth rate of the solution at the boundary of Q and estimate that
in terms of the various data.

I. INTRODUCTION

Let Q be a smooth domain in R which is either bounded or unbounded.
The nonlinear diffusion equation
(1) Av(x,t)m=vt(x,t), xeQ, t>0, m>0,
has been studied by many authors; for a detailed survey concerning this equa-
tion, one can refer to [3]. The case m > 1 is known as the porous media
equation. The regularity of the porous media equation has been well studied
by a lot of authors. In this paper, we are interested in the case 0 < m < 1 in
which case (1) is known as the fast diffusion equation and Q is bounded. More
precisely, we are interested in the problem
Avm(x,t)=v,(x,t), O<m<l1, xeQ, t>0,
V|0 =0,
v(x, 0) = vy(x),
v, 20, v, #0, wv,€LT(Q).
Alternatively, if we let m = 1/(q — 1) for g > 2, we have

(uq_l)l -Au=0,
(3) Uy =0,
u(x, 0) = uy(x) = ()" e L(Q).

The main difference between the fast diffusion case and the slow diffusion
case (as the porous media equation is often called) is that, for the former one,
there exists a finite extinction time 7~ such that the solution of (3) satisfies

u(x,t)=0 for t > T". The existence of T" has been studied by D. Diaz [6],
E. Sabanina [17], Crandall and Benilan [1] and Herro and Vazquez [9].
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As far as regularity is concerned, Paul Sacks [18] and E. Di Benedetto [7]
proved the existence of a bounded continuous weak solution. Of course, as
the uniqueness of (2.3) has already been established, one may simply say that
the weak solution of (2) is bounded and continuous. Furthermore, in [7], Di
Benedetto proved that just like the porous media case, there exists a modulus
of continuity for the solution of the fast diffusion case on Q x [§, T] for 0 <
o<T.

For 0 <t < T", the regularity is actually better. E. Sabanina in [17] proved,
for the N = 1 case, the existence of a positive classical solution of (2). Her
result is improved by the author in [12]; in this paper it is proved that the weak
solution of (3) is in fact a positive classical solution on Q.. = Qx (0, T*) and
is continuous up to the lateral surface 9Q x (0, T") attaining zero boundary
value there. In the same paper, the author has also derived a linear upper bound
on the decay rate of u(x,t) on 9Q x (0, T*) (cf. Theorem 2 of this paper).

The purpose of this paper is to investigate the boundary behavior of u.
Indeed, using the fact that u is strictly positive in the interior Q x [§, T* — 6]
where 0 < d < T", the author has proved the existence of a linear lower bound
on u at the boundary of Q. More precisely, we have

ulx,t)>Cdx, 0Q), (x,)eQx[d, T -9]

for some constant C > 0. Hence, together with the upper bound of Theorem
2, we have established the Lipschitz growth rate of u at the boundary of Q.
Furthermore, we will also obtain an explicit estimate on this lower bound which
depends on the data N, Q, g, 6 and ||u0[|Loo(Q) for the case N < 2 or
2<q<2N/(N-2) if N > 2. The latter is being done through a combination
of Moser-Krylov technique [11, 14, 15]. We now summarize these in the main
theorem of this paper (which is equivalent to Theorem 4 in §IV when Q is
convex).

Main Theorem. Let Q be a bounded domain in R" with smooth boundary and
u(x,t) be the solution of (3). We have the lower bound

(4) u(x,t)>Cd(x,0Q), (x,)eQx[d, T 4]
for some constant C >0 and C -0 as § — 0.

Furthermore, for N < 2 or 2 < g < 2N/(N-2) if N > 2, C can be
estimated in terms of the data N, g, Q, 6 and [|u L= (the dependence
of C on the data is very explicit as can be seen in the proof of Theorem 4;
please refer to §§III and IV for the details).

Finally, one should note that a Lipschitz growth rate as such can be very
helpful in understanding other deeper aspects of the boundary behavior of u
and is very useful in obtaining boundary estimates. Indeed, as an immediate
consequence, one can use the Lipschitz rate to obtain a boundary modulus of
continuity of the Holder type of u (i.e., the modulus of continuity is up to the
lateral surface dQx (0, T7)). This approach however only works for 2 < g < 3
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when N < 2 and for 2 < g < 2N/(N —2)A3 when N > 2 (cf. Remark
1). At this point, let us remark that regularity results of this kind may also be
obtained in a more general setting through adaptation of the available techniques
in the recent literature [8] (e.g., for the whole range 2 < g < oo and for more
general inhomogeneous boundary data). But through the Lipschitz growth rate,
the Holder estimate can be obtained in a rather straightforward manner by
employing the scaling technique of Chiarenza—Cerapioni [4] together with the
estimates in Theorems 2 and 4; and the estimate obtained is more precise for
this particular range (cf. Remarks 6). Basically, one only needs to show that,
because of the Lipschitz growth rate, e belongs to a certain Ap class at
the boundary of Q and from where we can invoke the results in [4] (note that
u corresponds to the coefficients a; ; in [4] and for the definition of the 4,
classes, please refer to the preliminaries).

This paper is divided into four sections and an appendix. §§I and II are
devoted to the introduction and the preliminaries of this paper respectively.
§III is devoted to the establishment of a interior lower bound for the solution.
This interior lower bound is estimated in terms of the data and the distance
from the boundary for the cases, N <2 or 2 < g < 2N/(N-2) if N > 2.
Finally in §IV, we establish the linear lower bound at the boundary through a
Hopf-type argument and this, together with the results from [12] (Theorem 2
in the preliminaries), would give us a Lipschitz growth rate of the solution at
the boundary of Q. The appendix is for the proof of Proposition III, which is
a technical lemma.

II. PRELIMINARIES
1. The weak solution. Let
V(Qr) = L0, TILX (@) n L0, TIWy(Q))
with

2 2 0
“u”VZ(QT) = \/teslngl ”u( > t)“LZ(Q) + "V““LZ(QT) s ue V2(QT) s

where I/CI)/‘ID(Q) is the closure of C;°(Q) in WPI(Q).

W, (Qy) = {ue L} (Q,)|Vu, u, € L*(Q;)}
with

2 2
”u”WZ'J(QT) = \/”u”LZ(QT) + ”uI”LZ(QT) + ”VM”LZ(QT)

and VCI’/;"(QT) the closure of the set of smooth functions on Q.. which vanish
on 0Q x [0, T].
We then have the following definition.

Definition. Suppose the initial data %, is nonnegative and bounded; let

E={yeW ' Qlu(x,T)=0ae xcQ}.
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An element u of I°/2(QT) is a weak solution of (2) if /™' € L*(Q;) and u
satisfies

// uq_lt//tdxdt—// Vu-Vl//dxdt+/uo(x)q"lw(x,O)dxzo
QT QT Q

for every w € E. Moreover the weak solution is unique as shown in [13].

2. Interior and boundary regularity of the weak solution. In [12, 13, 2], it has
been shown that if 2 < g for N<2,0r 2<g<2N/(N-2) for N> 2, then
there is a finite extinction time 7~ such that the following theorem holds.

Theorem 1. Let u(x, t) be the unique weak solution of (3) where u, € L*(Q),
u,#0 and uy,>0. Then u(x, t) is a positive bounded classical solution of (3)
in Qr. where T" is the finite extinction time. More precisely, we have

(i) ue C*'(Qp)NL®(Q;y-) and u>0 in Q..
(il) ("), —Au=0.
Furthermore, we have the estimates
(iii)
. 1/@-2) g /e
(T" -1 SCl(q,N,Q)[/u(t)dx]
Q

and hence T" < Cf‘2||u0||qLZ(§2).
(iv) T" > [y ul/(g = 1) [ |Vu,|* provided u,e Wi(Q)nL™(Q).
Theorem 2. Let u(x,t) be the unique weak solution as above (which is in fact

classical as proved in the last theorem) and let R, be the radius of the “exterior
sphere condition” for O (i.e., for every x, € OQ, there exists a ball BRI(x*)

of radius R, , uniformly on x,, and center x* with BRI(x')ﬂﬁ = {x,}). Then
Jor t>0, (x,,1) €0Qx(0,00) and (x,1t) € Qx (0, c0), we have

lx —x
0 S u(x’ t) S Cz(N> Qa Rl 3 Qa ”uOHL"o(Q)) l Ol *

(One may refer to [12] for an explicit expression of C, .)

3. Regularizing effect on u(x, t). According to Theorem 4 of [5], together with
the fact that u(x, t) is a classical solution, the following result is immediate.

Theorem 3. Let u(x, t) be the unique classical solution, as above; the following

estimate holds:
-1 qg-—1 —1
i)™, > - (=5 Juo ™

Alternatively,

g1\ u0’"
—Au(t) + (m) f > 0

for t >0.
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4. Estimates from linear parabolic theory. The following is extracted from the
paper of Krylov and Safonov [11]; since we are applying their results in a spe-
cial case, we will only present their results in a more narrow setting to avoid
unnecessary complications. Consider the parabolic operator,

L=9/dt—a(x, A,
where a(x, t) is bounded and continuous and satisfies
d<a(x,t)<1/8 forsomed e (0, 1].

Furthermore, let

0,=8,0)x(0,1), 0,

(R) = Bg(x,) x (1, — R, 1,)

0”0

and

U+(Ql) = {u, smooth and positive |3L as above and Lu > 0 on Q, },
Uy =U(Q)n{ul|Q n{u(x, 1) > 1} > BI1Q,[},  B€(0, 1],
7(B) = inf {u(x, )] |x| < }}.

B

Then we have the following results:

Proposition (I.1). Assuming UB is nonempty, we have
(i) 7(B) >0 for p>0,
(it) 7(8) 1 as B 1,
(iii) y(B) T as o 1.
((iii) is obvious as can be seen by the way in which y(B) is being defined ).
Furthermore, for ¢ >0, Be(0,1], Re(0,1] and u e U+(QX (R)) with

0l

QXO’IO(R) - QT’ we have
(iv) If
1y, (RY (X, Dlulx, 1) 2 8 2 BI, (R
then

u(x, ty) >ey(B) for|x—xy) <R/2.

From now on, we will denote y(8) by y(N,d, B) to indicate the depen-
dence of y on the data N, é, and B and we emphasize that y is monotonic
increasing with respect to both  and 8.

From Proposition (I.1) we can easily derive proposition (I.2) as follows (as
was done in [18]).

Proposition (I.2). Let z(x, t) be smooth and such that
(i) z<M in Q, (R),
(ii) z,—a(x, )Az <0 st.

d<a(x,t)<1/8 forsomed e (0, 1],
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(i) |Q, (R)n{z<M/2}[ > BlQ, , (R)|, B (0,1].
Then,

N,§,8/2) R .
> +5T mon,,O(KNBR),

T B 1—(1-6/2)Y*N
KN—mln{S,oel(%f”< o2 >0.

5. The Ap classes for p > 1. A nonnegative measurable and integrable function
w(x) issaid tobe in 4, if there exists a constant C,, the 4, constant of w(x),
such that

_ 1 1 -, \!
G, = sgp [m/cw(x)dx (H /C(w(x)) P dx) } < 400,

where the supremum is taken over all cubes ¢ in RY.

Before we go on to the main part of the paper, let us first remark that all
the constants m, 6, 6,, Ky, D, d,, R, R,, C,, C,, C,, C;, C,, and
C, have the same (consistent) meaning thoughout the whole paper. Further-
more, all the constants R, , R,, R,, C,, C,, ..., C, vary with finite bounds
provided the data vary within finite bounds.

e, ) < m - M

where

ITI. AN INTERIOR LOWER BOUND OF u(x, t)

In this paper, we are looking for boundary estimates of the form
Cd(x,0Q)<u(x,t)<C'd(x,0Q) forsomeC,C >0.

We will only do that for the case when Q is convex; the general case then
follows analogously with minor modifications (cf. Remark 4 at the end of §IV).
The first step in this direction is to establish a positive lower bounded at the
interior of Q x [d, T* — 6] where T > & > 0. This will be carried out in three
steps in this section.

(i) Consider Q, = {(x, t)|x € Q} where 7€ [d, T" - J]; according to (iii)
of Theorem 1,

1/
(1" - P <C (g, N, Q) [/ u(z)"dx] q
Q

for N <2 and for 2 < g < 2N/(N —-2) if N> 2. This implies that, for this
range of q,

(T* —l)l/(q—z)
O>Ml) = ——
Tea()z(u(x ) = M(1) ca
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Furthermore, suppose that the maximum is being attained at some interior
point (x,, t); then, according to the boundary estimate from Theorem 2,

d(x,, 0Q) > ”‘gt) > (%) M) > (c%) M)

1 g—=1
> (i) o 5 0T
G c oM~ ¢ c,lM

From now on, we will denote the quantity 6~"/“"2/C C,|Q|"? by d, =
d,C,C,Q).

(ii) Next, we establish a lower bound on u(x, ) in a neighborhood of (x, , ?)
where the maximum is being attained. To do so, we simply adopt the same
method as in [18] for the fast diffusion case with minor modifications in a
process of iteration so as to get a more explicit estimate for this particular case.
However, to avoid the tedious details at this moment, we will simply list the
technical machineries required and state the result in Proposition III without
giving a proof in this section (as a proof may be found in the appendix).

At this point, we need to introduce the following two propositions which
were both proved in [18].

Proposition (IL.1). Assume that on’to(R) C Qr and |u| < M in onalo(R)
where 0 < M < ||ugl =) V 4ol =g, - then if

l ~
10, (R //QXOJO(R)(M —u)dxdt < H(M),

where

H(M) =

Nea (1 MTT? e M
+
C(N, Nlugll poo () M (Z A W) A <—2‘> ;
we have

M

. R
5 in on,'o <5> .

Here aVv b =max{a, b} and a Ab =min{a, b}. Moreover, it is obvious that

u>

HM)<M/2 and HM)1 as M1 .

The expression for H (M) is worked out in more detail (than in the original
proof of [18]) for the fast diffusion case. We postpone the work here; those
who are interested can simply follow along the lines of the original proof of this
proposition in [18] and adapt it for the fast diffusion case.

From this proposition, the following proposition is now immediate.

Proposition (I1.2). Letr H(M) = H(M)/(2C + 1) where C = lugll Loy V
lugllisiqy: then H(M) < H(M) < M/2 as well as H(M) < M/4C < }
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Jor M €0, |lug|l e q)]. Now, if on,zo(R) CQp, UM in on,to(R) and

M R
u(x,, 1) < 5 for some (x,, t,) € Q.1 <7> ,

we have
10, (R)N{u< M —HM)} > HM)Q, , (R)|.

From the above propositions, together with Proposition (1.2), we can derive
the following estimate through an iteration process as in [18].

Proposition (III). Let d, = 6~ /C,C,1Q|""" as before. Then for t €

[0, T —4], at a point (xo, t) where max g u(x, t) is attained, we have

u(x, )2 M@1)/2 onQ, (R)

d H(M(1)/2) M)\ H(M(1)/2) O
R (%0 | P2 (i, g (H2)" 0D (240"

n= <<||“0||L°°(9) - Mz(t)) /(H(A;(t))/\
[y (N, @-1 (A—lz(i)y_z , H“‘;(’))) HU‘:U))D> +1.

(Here (z) stands for the greatest integer value function of z and y(N, d, )
is the same as in Propositions (I.1) and (1.2).) The proof of Proposition (III)
will be given in the appendix.

We note that for t€[d, T" -],

(T* _ t)l/(q—2) (51/(0—2)
-~ > = -
c Logle

Here 6, = 4,(d, C,, Q) where C, = C,(q, Q, N) is the constant from Theo-
rem 1.
Thus, for t€[6, T" — 6] and u(x,, 1) = max,q u(1),

u(x,t)>M(t)/2 on on’,(R) for R<R,,

M(1) =

. 3 SN2 H(S./2 5. \9-2
o [0 242, (a0 ()7 2 0 (3)

n= <(1IuoIIL°°<m - %)/ (H(zél) A [V (N, (-1 (%‘)q_z ) @) %‘5‘)]
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y=(x ,-0e X )

{(x,t)] xeq}

F1GURE (I)

This is due to the monotonic increasing property of y and H . Here
R,=R,(N,q,d,, |[u0l|Loo(Q), 6,,Q,C,, (),

where d, and 6, are as above and C,, C, are the constants from Theorems
1 and 2, respectively.
(ii1) Now consider any point

P=(x,)eQx[d, T -]

with d(x, Q) > 0; we construct the conic region G as shown in Figure (I)
where P, = (x,, t) is a point at which max ., u(?) is being attained and
without the loss of generality, we set up our coordinate system at the point O
where P,P intersects 9Q

Let the conic region G be described by the equation

)c,\,2cu/x,2+--~+x]2V for some a € (0, 1)

with S, S,, and §; forming its boundary. We construct the corresponding
comparison function

w(x) = x,':,(xN — oz\/xl2 +- 4+ x,zv)

with n and « to be chosen latter.
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By straightforward computations, we have
2
0w _ —
— =n(n+1)xy "_an(n— D)Xy XD
Oxy

a(2n + 1)xy . axpyt?

x2+...+x2 2 2 ’
1 N X1+"‘+XN

> xy “[n(n + Dxy = n(n = Dxy — (21 + Daxy]
= xy '[2n - 2na —al = x3"'2n(1 - @) — al,
320) _ _ax]’:, axlzxj'(,

(9)62_ > 2-i— 3

Hence,
a(N = 1)x)y,

2 2
xXpH Xy

Aw > xy '[2n(1 —a) — a] -
> xi'[2n(1 - @) - Na].

On choosing
2n(l—a)=2Na or n=Na/(l-a),

we have
Aa)zNax}':,_l, n=Na/(l -—a).
Next, we considered u = C;w with C; >0 to be chosen later and we set
D

a= D being the diameter of Q.

/D + R

With this choice, S, C BxO(Rz) and

~1 g—1 B 1 C‘I"l B
—Ag+ (g-—_—i) g“t— < —C3Nax;', : + (C]_) 3 ()C;:,-H -1

_ 1\ C% a2
< n—1 (14 3 (n+1)(g—2) _
< Cyxy [(——q — 2) — Xy Na

provided

C. < q-2 Nad 1e=2)
3= |\g=1) \ pr+ha-2) )

Furthermore, on §; C BxO(Rz)’ by (ii), u(t) is bounded from below by
M(1)/2 , which is in turn bounded from below by 8,/2 (6, = ¢'/"?/C,1Q""?).
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Therefore, we can choose

=[] (o) A[3] e
37 _ N+1)(g—2 21 @ = .
qg-1 pW+ha-2) 2 D 4 R;
Here C; = C5(N,q, D, C,,d,, R,). With this choice,
ﬂ‘sl = l‘.|s2 =0<u, Hls3 < u's3 .

Finally, by invoking the regularizing effect in Theorem 3,

g-1\ u! g-1\ u"!
_ e > 4 1=
Au(t)+(q_2> 2 Ag+(q_2 ; (g>2).
We conclude by the maximum principle that

u(x,t)>u(x) onGx[s, T -],

which implies
u(x,t) > C3x;,+l(l —a).
But x, = |OP|; thus

)Na/(l—a)+l D

, az\/ﬁ.

The above estimate is good for all (x, t) which belong to the region Q x
[0, T" — §]. However, at this point we still have not proved the linear growth
of u at 9Q which is to be established in the next step.

u(x, ) > C(l —a)d(x, 0Q

IV. THE ESTABLISHMENT OF THE LINEAR LOWER BOUND AT THE BOUNDARY

In this section, we will eventually establish a Lipschitz growth rate for u(x, ¢)
on 9Q. Since an upper bound is already provided by Theorem 2, all we need is
a linear lower bound. Before we go on, we need to introduce more terminology
and constructions concerning the geometry of Q.

Definition. We say that 9Q satisfies the interior sphere condition with radius
R if for every x, € 9Q, we can construct a ball B .(R), x* € Q and R >0
uniformly on x, such that

B-(R)cQ and 9B.(R)NIQ = {x,}.

Let R, be the radius of the interior sphere condition of 0€2; without loss
of generality we will assume R, < d, . For any x, € 9Q, we can constiuct the
region K uniformly with respect to x, as in Figure (II).

Let K, and K, denote, respectively, the two parts of the boundary of the
region K as shown. It is obvious that, for x € K,

d(x,0Q) >d <x, 0B v (%)) > (1 - @) R,.
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FiGure (II)

Consider (x, 1) € Qx[d, T" - 5] and let x, € 0Q be such that
d(x,0Q) <R,j4,  |x—x,=d(x,09).

Furthermore, let x* be the center of the interior sphere of radius R, with
respect to x,, as shown.

To get a linear lower bound on u(x, t), all we need is a simple Hopf-type
argument. First of all, by the estimate of the first step,

Na/(1—a)+1

u(x, Dlg > Cy(1-a) [(1 —;/ﬁ) R,

From now on, we will let C, denote

Na/(1—a)+1
C3(1—a)[<1—@)1<3} .

Obviously C, = C,(C;5, Ry, N, D, R,) where D is the diameter of Q, R, is
the radius of the interior sphere condition, and R, and C; are the constants
from (ii) and (iii) of the first step respectively.

Without loss of generality, we can set up the coordinate system as in Figure
(IT) with the origin at x*. We construct the following comparison function,

—or _pR?
p(x) =¢le " —e 0R3], I‘=lx—x*|= x12+...+x12V
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with ¢, a > 0 to be chosen later. We have

~or° —oR? R.\?
Ap = 0Oce” " [40r —2N]1>e " 0¢ |40 <-2—3> —2N
2
2
> 6ae_eR3[0R§ —2N]1> %w‘w,
3

where we have chosen 6 = 4N, /Ri .
On choosing ¢ to be sufficiently small, e.g.,

2 1/(g—2)
& S q__2 ﬂ ae_4N s
9-1) \ R;
we have

q-1 2 q-1
_ — _ -1
—Ap+<q 1>p < -8N co 4N+<q )8_

q-2 t - Rg‘ qg-2) 0
-2 2
q- 1> (b‘q ) 8N —4N]
=g < - —e <0,
[ q-2 J R}
for t > 6 . Furthermore,
p(-x)ll(z = 0, p(x)|1(] < u(x, Z)I[{l

provided ¢ also satisfies ¢ < C,. Hence, let

2 1/(g-2)
e=C, A q=2) (AN} 5,4V )
a-1)\ R}

We can again conclude, by the regularizing effect of Theorem 3, that

q-2 4N? 4N a2 4NF/R: 4N
4~ < Y - - r 3 _ -
u(x,t) > C4A[<q—l)(R§)5e ] [e e 1.

This estimate holds for all (x, ¢) such that
d(x,0Q) < R,/4, teld, T" -9

275

Finally to see that the lower bound we obtained indicates a linear lower
bound, we just observe that along the path from x, to x", if x is any point

such that
|x — xo| =d(x, 0Q) < R,/4,
we have
Ry/2<r=|x-x"|<R,.
From the previous estimate,

2 4N2 1/(¢—-2) ,
u(x,t) > C4 A I:(%) (y) §e_4N:| [e—4Nr /Ry e—4N]
3

q-2 4N? 4N Va2 2N 4N
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The last statement is a consequence of the fact that for

—or —6R’
f(ry=[e" —e "], wheref >0, R/2<r<R

(6= 4N/R§ and R = R, in our case)
we have ,
£(r) 2 6(R/2)e”"" (R-r)
and furthermore,
R,—r= Ixo—x*| —|lx=x"= |xg — x| =d(x,0Q).
Summarizing, we have obtained the following theorem.

Theorem 4. Let N <2 or 2<q <2N/(N-=2) if N> 2. For Q convex and
every (x,t) which belongs to Qx[6, T* — 6], such that d(x, dQ) < R,/4, we
have

u(x, 1) > Cyd(x, 0Q),
where Cy = C4(N, q,6, C,, R;) is the constant

1/(g-2)
q-2 4N? —4N 2N\ —s4n
{C4“[(a-—1> (R—g)‘s" ] }(R—)e

R, being the radius of the interior sphere condition and C, the constant
defined previously. Moreover, this estimate is only good for N <2 or 2<q <
2N/(N —2) when N > 2 as mentioned before.

-

At this point let us remark that the Lipschitz growth rate for u(x, ¢) is true
on 0L forany g > 2. However, when ¢ falls beyond the rate (2, 2N/(N —2))
when N > 2, we do not know how to estimate the interior lower bound in terms
of the data as in the first step of this section, and consequently, we do not have
the above estimate. Also the convexity of Q is not necessary as mentioned at
the beginning of §III (cf. Remark 4 below).

Remarks. 1. For N > 7 and 3 > g > 2N/(N — 2), the Lipschitz growth rate
still implies the Holder continuity on Q x [6, T* — 8] ; but in this case, since
we do not know how to estimate the lower bound in the interior in terms of the
data, consequently we do not know how to estimate the modulus of continuity.

2. It is quite obvious that this work can be extended to a wider class of
nonlinearities

Bu),—Au=0, BeC'[0,00), A0)=0
where f(s) resembles the structure of s e.g., the structure in [12].

3. It is not necessary that u, € L°(Q) because, due to the regularizing
Ty 0

effect, u(t) becomes bounded for ¢+ > 0 even if u, is simply Lq_l(Q) for
2<g<(2N-2)/(N -2) (cf.[19]).
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4. Obviously, the assumption that Q is convex is not a necessity. For
example, if 9Q is sufficiently smooth, we can assume that there exists R > 0
and n € Z*, both depending on Q, with Qp = {x|d(x,0Q) > R} such
that for every x;, € Q - Q, and x(', € Qp, we can always connect them by a
zigzag path consisting of at most # connected line segments in Q of which the
intermediate joining points x,,..., x,_, allliein Qg.

5. It should be noted that the Lipschitz rate obtained in §III is sharp as
motivated by the separable solutions of the fast diffusion equation where the
spatial part of the separable solutions have the same kind of growth at 6Q.
More precisely, by a separable solution we are referring to a solution of the
form S(x)7T(t), where S(x) and T(¢) satisfy respectively

~AS=(q-1)S*", S|,u=0, S$>0 inQ,
T(t) = [(g - 2)(T" - 1)]/7?.

For the corresponding elliptic theory concerning the existence and uniqueness
of S(x), one may refer to standard references like [10, 16].

6. It should be noted that the results from [4] do not immediately give a
modulus of continuity of the Holder type because the Harnack-type estimate
in [4] is obtained through a family of cylinders whose dimensions are different
from point to point depending on the degeneracy of the equation near the point
(i.e., it is not the traditional type of family of cylinders which is being used).
As a result, the lack of uniformity of the dimensions of the family of cylinders
makes it impossible to obtain Holder-type estimates from the Harnack inequal-
ity obtained in [4]. In the case of the fast diffusion equation, it is the positivity
and the linear growth of the solution u(x, ¢) at the boundary which makes
everything work. Roughly speaking, it is due to the fact that the linear growth
leads to a more uniform family of cylinders which is much better than that one
would generally expect and from where we can recover the Holder continuity
result.

APPENDIX: THE PROOF OF ProrosiTION (III)

Proposition (III). Let d| = % as in (i) of §IV. Then for te[6, T* - 4],
1~2

at a point (x,, t) where max ., u(x, t) is attained, we have

M(t) (T"‘ _ t)l/(q—Z)
ux,t)=>2—— on R) where M(t) = ~——
(x,1) 3 .t (R) (2) G
and
d , [HM©D/2) M0)\7™? HM(1)/2) M) \2
RS[T‘ J 4 <(Nv(4 1)< 2 ) = )(q—l)(———) }
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wn = { (gl gy - 242) / (H40)
A [*/ ((N, (@-1) (M—Z(Q>q_2 ) H“‘;“») H(AZ(’>)]>> 41

((s) being the greatest integer value function of s).

Proof. Suppose max _,u(x, t) is attained at (x,, ), by (i) of §III,

(T* = 1)/
t) = H2Mt) = —"tr
u(xy, 1) = maxu(x, 1) > M(1) o

and
d(x,, 0Q)>d,.

We now prove the above result through a process of iterations that is adopted
from the iteration process in the original paper [18] for the fast diffusion case;
the original iteration process is implicit and does not provide a closed form
estimate for R. We will divide the proof into three steps.

(i) Let (N, d, B) and & be the same as in Propositions (I.1), (1.2) of the
preliminaries and H(:), the same as in Proposition (II.2) of §III. We construct
sequences of quantities

(Mk’Rk)’ {8k’5k’ﬂk}’ Mklo, Rklo

and

& = E(Mk) s ék = S(Mk) s ﬂk = ﬂ(‘Mk) .
To start with, let

Mlzlluo‘le(Q)’ 8(M1)=M1—H(Ml), ﬂ(M1)=H(M1),
S(M,) = (g — 1)e(M,)""

Furthermore, define

R, = (%)A\lﬂ%%’(N,(q—l)(%,l)q_z’w>(q~l)<%>q—z

()0 s P

This is because

and

. _ M, \77?
5(M,) = (g - Do) 7 2 (g - 1) (3)

as well as the fact that y(N, , B) is 1 with respect to 6 and S.
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Next, let

My=M, - H(;W‘) A [y (N, 5(M,), H(Ml)) H(Ml):|

and as before,
S(Mz) =M, - H(Mz) ’ :B(Mz) = H(Mz) > 5(M2) =(q— I)E(Mz)q
Furthermore, define

M.\ 92 M \77?
o [ ()02 (0 (2 ()7 iy,
d HM 5 HM))\ 5
< (%)/\\/ (4 Z)y(N,(S(MZ),%)6(M2)/\KNH(M1)R1‘
This is because
Ko<l mem H <IAM trmeo
WSz My<M,, H(M)<gn= for € (0, llugll = (q))

as well as the monotonic property of H and 7.
Hence, we can define {¢,, o, , B, } along with (M, , R,) where M, and R,
are as in step 1 and

_H(M,)
2

)

2 4

o ()P (v () ) ()]

x (KyH(M,, )",

g =eM,), 6, =0M), B, =HM,).
Furthermore,
d H(M, ) < HM, )\ «
R < <7')/\\/%y (N, O(M,,), —2"“—> $(M, )NK H(M)R, .

(ii) Before we begin the process of iteration, we first introduce the following
linearization of u(x, ¢) as in [18]. Indeed, let g, ,(s) be such that

"

g ,20, g ,20, 0<g  <I
and
[s—e-11"<g ,(5)<[s—e]".
Let g, ,(u(x, 1)) =z(x,t). Thenon {u < ¢}
z,=Vz=Az=0,
so that
@-Dve) !z, —Az=(qg-u' "z, - Az
= (¢ - Du'*g, (wu, - V(g, ,(u)Vu)
<g wig-u" " u, - Au = 0.
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On letting a(x, 1) = 1/(g — 1)(u v €)™ %, the fast diffusion equation (2) is
transformed into the parabolic inequality:

) {z,—a(x,t)Ang,

(- D" > <a(x, ) <1/(qg- 1) 2.

We can therefore identify the & in Propositions (I.1), (1.2) as (g — l)a"_2 .
We now begin the iteration process as follows. Obviously,

usM, = ||u0||Loo(Q) in on,t(Rl)'
If u(x,t)>M,/2 for

(x,0€Q, (R)CQ, (KyH(M)R,)
cQ &/D

we are done. If not,

Ix', e m such that u(x', ') < M, /2.
By Proposition (I1.2), we have

10, (R)N{u< M~ HM)}Y > HM))|Q, ,(R,).

Let z(x,t) = g, ,(u(x, t)) (as in the above linearization) with ¢ = ¢, n €
Z* . Then,

2(x, ) < [ulx, ) —g]" < M, — (M, — H(M,)) = H(M)) .

Furthermore,

10, (R)N{z =0} <]Q, (R)N{u(x,1)<el
=10, (R)N{u< M —HM)}
> H(M)IQ, (R)).

Hence,
10, (R)N{z <H(M,)/2}| >0, (R)N{z=0}>HM)Q, (R

On identifying & with 51 , B with B, = H(M,) and invoking Proposition
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(1.2), we have

e, 0 < 1)~ 2O (w, sy, 20D o
in on,t(KNH(Ml)Rl)

5 H<M1)) H(Ml)}
2 4

inQ, (R,

+
=u(x, )< [u(x,t)—sl+ﬂ +61+%

< HM) - H(i\ll) A [y (N’ 5(M,), H(;ﬂ)) H(Ml)]

1
+ M, — H(M)) + ~

n
inQ, (R,)

A [y (N,S(Ml), H(gll)) H(i‘fl)]

in XO’,(RZ) , asne Z" is arbitrary.

H(M
S>ux, )< M,=M, - (2 )

We keep repeating this process unit we come down to the stage where

M,  <ulx,,t)<M, forsomene Z".

n

We must then have

u(x,t)>M,/2 in on,t(R

n+l)’

for, if not, the previous inductive argument could be carried forward one further
step so as to yield

u('x’ t) < Mn+1 in on,t(Rn-H)’

which is a contradiction.
(iii) Finally, we use u(x,, {) = max
estimateson R, , and n.
To get a lower bounded on R

ceqU(x, 1) = M(t) (cf. (i) of §IV) to get

we note that at the nth stage,

n+l?
HM % HM)\ HM
Mn+l =/‘1'l _ (2 n) /\ |:y (N, J(Mn), (2 n)) (4 n)]
ZM"—H(;‘J")ZM”——A%&:%M" (asH(M)<—A—2/I—).

But

M, >u(x,, ) >M(t)=>M, , > %M(t) >



282 Y. C. KWONG

Hence, together with the monotonic increasing property of H and y, we have

R,, = (%‘)/\\H(]‘g"’Ll)Y(N,(q—l)(A_/[;L')q_z,H(A;””))(q—l)(%)q—zJ

x [KyH(M, )]

<%) /\N ﬂ"iz(’)ﬁly (N, o1 <M4(t)>q—2 | H(Mz(t)/2)> @1 (_M_4(,_)>q—z]

(mn ()

To get an upper bound on the integer », let us first recall that

n

v

H(M, “ H(M H(M,
where
M, >u(x,, t) > M(1), k=1,...,n.

This implies, for k=1, ..., n, that

< M "2 M(@)\*?

)z a-0 (%) ze-n(2)

H(M,)> H(M(t))

and hence,

H(M(1)) M)\ HM()\ H(M(1))
Mk—Mk-HZ—T——A Y N,(q—l) T 5 2 4 .
Summing up the above inequalities, for Kk =1, ..., n, we have

H(M(t
o]l oo (@) = My 2 1 {—(—2(*)—)/\

q-2
[y (N, @-n (42 HU‘;U))) H(Aj(z))” .

But M, , > M(t)/2; therefore
M H(M
n < <||uo”1,°°(n) - 2(1))/< ( 2([))/\

q-2
{y (N, (g-1) (Mz(’—)) , H<f‘24<t>>> H(Aj(z))]) .

We can, therefore, simply choose # to be
) > '

M) H(M(1))
(e - 552) / (50
M@\ HM(@)\ HM@)
Acknowledgment. 1 would like to express my gratitude to Professor M. G. Cran-
dall for his persistent encouragement on this piece of work.

whence the result.
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